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Abstract—This paper aims to exploit the fundamental limits
on the downlink coverage and spatial throughput performances
of a cellular network consisting of a tier of unmanned aerial
vehicle (UAV) base stations (BSs) using the millimeter wave
(mmWave) band and a tier of ground BSs using the ultra high
frequency (UHF) band. To reduce handover signaling overhead,
the ground BSs take charge of control signaling delivery whereas
the UAVs are in charge of payload data transmission so that
users need to simultaneously associate with a ground BS and a
UAV in this network with a control-data plane-split architecture.
We first propose a three-dimensional (3D) location distribution
model of the UAVs using stochastic geometry which is able to
generally characterize the positions of the UAVs in the sky. Using
this 3D distribution model, we propose the multi-cell coverage
probability and the volume spectral efficiency of the network,
derive their explicit low-complexity expressions and find their
upper limits when each of the UAVs and ground BSs is equipped
with a massive antenna array. We further show that the multi-cell
coverage probability and the volume spectral efficiency can be
maximized by optimally deploying and positioning the UAVs in
the sky and thereby their fundamental maximal limits are found.
These important analytical findings are validated by numerical
simulations.
Index Terms—Unmanned aerial vehicle network, millimeter
wave, coverage, throughput, cell association, stochastic geometry.
I. INTRODUCTION
Insatiable mobile throughput demand is the main driver for
mobile network operators to adopt millimeter wave (mmWave)
spectra that support gigabit connections for data-intensive
applications such as virtual reality, augmented reality and
immersive gaming. Exploiting the use of the mmWave band
may effectively alleviate the spectrum crunch problem in the
next generation cellular networks. However, its effectiveness
may be significantly weakened by environmental blockages
thanks to the high path loss and low penetration characteristics
of mmWave channels [1]–[3]. A very attractive means of en-
hancing the propagation performance of the mmWave channels
is to use unmanned aerial vehicles (UAVs) equipped with
multiple antennas as the “flying” base stations (BSs) using
the mmWave band because UAVs are able to agilely position
themselves to ameliorate their channel quality in accordance of
environmental variations. Due to the mobility of UAVs, UAV-
assisted communication techniques will play an important role
in cellular networks to fulfill the goals of reliable coverage,
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high-speed, secure and public safety wireless communications
[4] [5].
Despite many of the advantages of UAV communications,
to successfully employ UAVs to enhance the performances
of cellular networks faces a few practical challenges. First, it
should be noticed that UAVs have a limited communication
capability owing to their limited size and power. As such,
energy-efficient deployment, operation and management are
particularly important issues for a cellular network using UAVs
as access points or BSs (referred to as a UAV network).
Moreover, a UAV network has a highly dynamic network
topology due to the high mobility of UAVs so that new
communication protocols need to be devised to mitigate the
impact of intermittent network connectivity on the network
performances. Another fairly challenging issue is how to
make UAVs communicate each other and have good backhaul
communication mechanisms so that they can be effectively
coordinated and scheduled to do cooperative communications,
position control, interference management, energy replenish-
ment, etc. [5], [6]. How to tackle these practical networking
problems and how the obtained solutions to these problems,
if adopted, fundamentally influence the network performances
in the network are two paramount questions for the success of
UAV networks.
A. Motivation and Prior Work
In light of these aforementioned issues in mmWave commu-
nications and UAV networks, a mmWave UAV network is sug-
gested to adopt a plane-split architecture which has a design of
splitting the data and control planes of the cellular networks.
Such a plane-split architecture design may considerably reduce
the networking complexity of a UAV network, and yet it may
incur a more challenging context of network connectivity since
users need to reliably and simultaneously connect to a ground
terminal/BS taking charge in control signaling and a UAV
taking charge in payload data delivery. To the best of our
knowledge, the fundamental performances of mmWave UAV
networks with a plane-split architecture, such as coverage and
spatial network throughput, are not yet addressed and studied
in the literature.
There are already a few prior works focusing on the perfor-
mance analysis of UAV networks. The majority of them partic-
ularly studied the coverage performance of UAV networks with
different constraints (typically see [7]–[14]). Reference [7], for
instance, studied how to optimize the coverage of a single cell
by effectively deploying multiple UAVs over the cell. Under a
minimal transmit power constraint, an optimal UAV placement
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2algorithm was proposed in [8] to maximize the number of
covered users by means of a UAV deployment decoupled in
the vertical and horizontal dimensions. The coverage problem
of a finite network of UAVs which were modeled as a uniform
binomial point process serving a given region was investigated
in [9] and the downlink coverage probability of a reference
receiver was derived by assuming Nakagami-m fading for all
wireless links. For the work in [10], the authors analyzed
the coverage performance of UAV-assisted terrestrial cellular
networks in which UAVs are randomly deployed in the 3D
space with a height constraint, and they then proposed a
cooperative UAV clustering scheme to offload traffic from
ground BSs to cooperative UAV clusters. Reference [11]
studied how to optimize the coverage of a UAV network by fast
deploying UAVs in the sky. It considered two fast deployment
optimization problems: one is to minimize the maximum
deployment delay with fairness consideration and the other
is to minimize the total deployment delay with efficiency
consideration. The coverage performance of a reference user
in a finite network of multiple UAVs was investigated in [13]
and a mixed mobility model which characterizes the movement
process of a UAV in the 3D cylindrical region was proposed.
In addition to the prior works on the coverage problem of
UAV networks, there are some other prior works that focused
on some special performance metrics of UAV networks. For
example, reference [15] proposed a framework for optimizing
the performance of finite UAV networks in terms of the
average number of bits transmitted to users as well as the flight
time of UAVs. Another example is the work in [16] where the
secrecy rate performance of a mmWave UAV network modeled
by Mate´rn hardcore point processes was analyzed.
B. Contributions
These aforementioned prior works can provide us with a
good picture pertaining to how to use UAV as aerial BSs to
improve the performances of cellular networks. Nonetheless,
some crucial points in the prior works are not yet adequately
in existing studies. For example, the majority of the prior
works are built on a simple single cell model with a limited
number of UAVs so that their analytical results may not be
straightforwardly extended to their corresponding counterpart
in a large-scale cellular network with inter-cell interference.
Also, most of the prior works consider a fairly simple 3D
distribution model of UAVs with a constant height that may
not be able to generally evaluate the performance of UAV
networks. Furthermore, the prior works on UAV networks
using the mmWave band are still minimal and there seem no
prior works focusing on the performance analysis of mmWave
UAV networks with a plane-split architecture. Accordingly, the
fundamental coverage and throughput performances of multi-
cell mmWave UAV networks with a plane-split architecture
are still unclear for the time being, which are the main
focuses in this paper. The main contributions of this paper
are summarized as follows:
• We first propose a mmWave cellular network consisting
of one tier of ground BSs which use the UHF band and
are in charge of the control signaling plane and one tier
of UAV (BSs) that adopt the mmWave band and take
charge of the data plane. A 3D random distribution model
of the UAVs is also proposed and it is able to generally
characterize the positions of the UAVs in the sky.
• Due to the plane-split architecture of the mmWave UAV
network, a multi-cell cell association scheme is proposed
to help users connect to a ground BS and a UAV at the
same time. The multi-cell coverage (probability) and the
volume spectral efficiency of the network in the downlink
are accordingly proposed as the performance metrics of
the mmWave UAV network.
• The explicit and low-complexity expressions of the multi-
cell coverage and volume spectral efficiency are derived
when all BSs are equipped multiple antennas and their
fundamental upper limits are found for the case of mas-
sive antenna array.
• We particularly show that the multi-cell coverage and
volume spectral efficiency can be maximized by optimiz-
ing the intensity and height of the UAVs when all UAVs
are controlled at the same height and their fundamental
maximal limits are characterized for massive antenna
array.
• We also particularly show that the multi-cell coverage
does not depend on the intensity of the UAVs and, in
addition, the volume spectral efficiency linearly increases
with the intensity of the UAVs when all elevation angles
from a user to all UAVs remain the same. Under the cir-
cumstances, the fundamental maximal limit on the multi-
cell coverage can be only achieved by using massive
antenna array whereas fundamental maximal limit on the
volume spectral efficiency is infinity.
Moreover, some numerical simulation results are provided
to validate our analytical findings and observations.
C. Paper Organization
The rest of this paper is organized as follows. In Section
II, we first describe the cellular network model consisting of
one tier of mmWave UAVs and one tier of UHF ground BSs
and how the UAVs and the ground BSs are distributed in
the sky and on the ground, respectively. Section III studies
the limit of the multi-cell coverage (probability) and how to
maximize it. We then propose the volume spectral efficiency
of the mmWave UAV network and analyze its limit in Section
IV. Finally, Section V concludes our analytical findings and
observations.
II. SYSTEM MODEL AND PRELIMINARIES
In this paper, we consider a cellular network consisting of
two tiers of BSs: a tier of the BSs on the ground and a tier of
the UAVs hovering in the sky and serving as aerial BSs. The
ground BSs are of the same type and performance, and they
are assumed to use the UHF band and form an independent
homogeneous Poisson point process (HPPP) of intensity λg .
In particular, they can be expressed as set Φg given by
Φg , {Xg,i ∈ R2 : i ∈ N+}, (1)
3where Xg,i denotes ground BS i and its location. Also,
we assume all the UAVs are also of the same type and
performance and they only use the mmWave band. The ground
projection points of the positions of all the UAVs in the sky
form an independent HPPP of intensity λu. Specifically, the
set of all the UAVs is expressed as
Φu ,{Ui ∈ R3 : Ui = (Xu,i, Hi), Xu,i ∈ R2,
Hi ∈ R+, i ∈ N+}, (2)
where Ui is UAV i and its location, Xu,i is the ground
projection point of Ui, and Hi denotes the (random) vertical
height of Ui. This two-tier mmWave UAV network model
can be employed in the scenario that the UHF ground BSs
have a much higher capability of signal penetration than the
mmWave UAVs so that they can be viewed as macro BSs
which have much larger transmit power than UAVs and are in
charge of the control signaling plane of the network to send
control signal information to users and UAVs in the network,
whereas the UAVs can be viewed as small cell BSs taking
charge of the data plane of the network to deliver payload
data to users since they have a much wider bandwidth than
the UHF ground BSs and are able to flexibly adapt their
positions to the environment so as to enhance their channel
quality. Such a (control-data) plane-split network architecture
has the advantage of alleviating the frequent handover problem
between small cell BSs [17]. Another feature of this two-tier
mmWave UAV network is that it is easily extended to multi-
tier planar heterogeneous networks in the literature as long as
all the heights of the UAVs are set to zero, which means the
modeling and analysis based on the proposed network model
in this paper are more general than those in the prior works
of multi-tier planar cellular networks. Moreover, all (mobile)
users in the network also form an independent HPPP. Without
loss of generality, we assume there is a typical user located at
the origin and many following equations and analyses will be
expressed and proceeded based on the location of this typical
user1. An illustrative example of the mmWave UAV network
with a plane-split architecture is depicted in Fig. 1.
A. Elevation Angle, Path-loss Model and Multi-cell Associa-
tion
A channel in the network is generally considered as either
a line-of-sight (LoS) or a non-line-of-sight (NLoS) one. If the
channel is visually blocked from a user to a BS, it is NLoS and
LoS otherwise. Since whether a channel is LoS or not highly
depends on the network environment, we adopt the following
low-altitude-platform (LAP) expression in [20] that generally
characterizes the LoS probability of a channel between the
typical user and UAV Ui at height Hi in different network
environments:
ρ
(
Hi
‖Xu,i‖
)
=
[
1 + c2 exp
(
c1
[
c2 − 180
pi
× tan−1
(
Hi
‖Xu,i‖
)])]−1
, (3)
1According to the Slivnyak theorem [18], [19], the statistical properties
evaluated at the origin are the same as those evaluated at any particular point
in an HPPP.
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Fig. 1. An illustrative example of a mmWave UAV network with a data-
control plane-split architecture. Each user in the network has to associate
with a UHF ground BS and a mmWave UAV. Without loss of generality, a
typical user is assumed to be located at the origin.
where ‖Xu,i‖ denotes the Euclidean distance between the
typical user and point Xu,i, c1 and c2 are environment-related
constants (for rural, urban, etc.) [20]. All Hi’s for i ∈ N+ are
assumed to be independent random variables (RVs). Note that
ρ(0) = 1/(1 + c2 exp(c1c2)) , ρ0 is not a function of Hi
and ‖Xu,i‖ any more, i.e., whether the channel between the
typical user and a UAV on the ground is LoS does not depend
on the distance between them. To generally characterize the
position of each UAV in the sky, we propose the following
height distribution model of UAV Ui:
Hi , ho‖Xu,i‖−ν , (4)
where ho ≥ 0 and ν ∈ R are constants. Namely, Hi is a
power-law function of the distance between the typical user
and Xu,i with parameters ho and ν. Such a height model is
motivated by the idea of suppressing the interference, that is,
the horizontally farther interfering UAVs can hover either at
a lower height to make their channels have a higher NLoS
probability or at a higher height to make their channel undergo
more path loss. Note that the proposed height distribution is so
general that it can characterize many position control scenarios
of the UAVs. For the case of ν = 0, for instance, all the UAVs
are controlled to hover at the same height of ho. For the case
of ν = −1, all the UAVs are controlled to maintain the same
elevation angle of tan−1(ho) from the typical user to them.
Also note that the heights of the ground BSs are ignored in
this paper since they are assumed to be fairly small compared
with the heights of the UAVs.
The path-loss model between any BS Xi ∈ {Xu,i, Xg,i}
and the typical user is given by
ξ(‖Xi‖) , Ψi‖Xi‖α, (5)
where α , αg1(Xi ∈ Φg) + αu1(Xi ∈ Φu) is the path-loss
exponent equal to αg > 2 if Xi ∈ Φg and equal to αu > 2
if Xi ∈ Φu, 1(A) is the indicator function that is unity if
4event A is true and zero otherwise, Ψi , Ψg,i1(Xi ∈ Φg) +
Ψu,i1(X ∈ Φu) where Ψu,i (Ψg,i) is equal to ψu,L (ψg,L)
if the channel between Xi and the typical user is LoS and
ψu,N (ψg,N ) otherwise. The physical meaning of ψu,L (ψg,L)
can be interpreted as the intercept of the LoS mmWave (UHF)
channels, whereas the physical meaning of ψu,N (ψg,N ) can
be interpreted as the integrated intercept and penetration loss
of the NLoS mmWave (UHF) channels [2].
In the light of the plane-split architecture of the cellular
network, each user should associate with a ground BS and a
UAV at the same time by adopting the following multi-cell
association scheme:{
X∗g , arg minXg,i∈Φg ξ(‖Xg,i‖)
U∗ , arg minUi∈Φu ξ(‖Ui‖)
={
X∗g = arg minXg,i∈Φg Ψg,i‖Xg,i‖αg
U∗ = arg minUi∈Φu Ψu,i‖Ui‖αu
(6)
where X∗g and U
∗ denote the ground BS and the UAV
associated with the typical user, respectively. Namely, each
user associates with the ground BS and the UAV that provide
them with the minimum path loss. The path-loss distributions
related to U∗ and X∗g are given in the following lemma.
Lemma 1. Suppose all the channels between the typical user
and the UAVs are spatially independent. If the penetration
loss of all NLoS mmWave channels is infinitely large (i.e.,
considering ψu,N = ∞), then the complementary cumulative
distribution function (CCDF) of ξ(‖U∗‖) in (6) can be found
as
P[ξ(‖U∗‖) ≥ x] = exp
(
−pi
∫
R(x)
λuρ
(
hor
−(ν+1)
2
)
dr
)
(7)
where R(x) , {r ∈ R+ : ψu,L(r + h2or−ν)
αu
2 ≤ x}. The
CCDF of ξ(‖X∗g‖) can be found as
P[ξ(‖X∗g‖) ≥ x] = exp
(
−piλ˜gx
2
αg
)
, (8)
where λ˜g , λg
[
ρ0ψ
− 2αg
g,L + (1− ρ0)ψ
− 2αg
g,N
]
and ρ0 = 1/(1 +
c2 exp(c1c2)).
Proof: See Appendix A.
Since the link between U∗ and the typical user must be LoS,
we know ξ(‖U∗‖) = ψu,L‖U∗‖αu , and thereby (7) leads to
the following result:
P
[‖U∗‖2 ≤ x] = 1− exp(−pi ∫
R(x)
λuρ
(
hor
−(ν+1)
2
)
dr
)
,
(9)
where R(x) = {r ∈ R+ : (r + h2or−ν) ≤ x}. This result
reveals that the distribution of the square of the distance from
the projection point of U∗ to the typical user is characterized
by λuρ(ho/r
(ν+1)
2 ) which can be interpreted as the intensity
of the LoS UAVs. Such an LoS UAV intensity is not a constant
(except the case of ν = −1) and this means the LoS UAVs
in general are a non-homogeneous PPP. We can use two
special cases to further explain this interesting and important
observation. For example, if ν = 0, then all the UAVs are at
the height of ho in this case, and we thus have
P
[‖U∗‖2 ≤ x] = 1− exp(−piλu ∫ (x−h2o)+
0
ρ
(
ho√
r
)
dr
)
,
(10)
where (x)+ , max{x, 0}. Thus, all the LoS UAVs with the
same height are not an HPPP any more in that their intensity
can be equivalently viewed as λuρ
(
ho√
r
)
which is location-
dependent 2. Another example is the scenario of ν = −1 in
which all the elevation angles from the typical user to the LoS
UAVs are the same and equal to tan−1(ho) so that we get
P
[‖U∗‖2 ≤ x] = 1− exp(− piλuρ(ho)
(1 + h2o)
αu
2
x
)
. (11)
Hence, all the LoS UAVs form an HPPP of intensity
λuρ(ho)/(1+h
2
o)
αu
2 because ‖U∗‖2 is an exponential RV with
parameter piλuρ(ho)/(1+h2o) [18], [19]. A similar observation
can also be drawn for the ground BSs. For example, the result
in (8) can alternatively be expressed as
P
[
[ξ(‖X∗g‖)]
2
αg ≥ x
]
= exp
(
−piλ˜gx
)
, (12)
which means that set Φ˜g , {X˜g,i : X˜g,i = Ψ
1
αg
g,iXg,i, Xg,i ∈
Φg,Ψg,i ∈ {ψg,L, ψg,N}} can be equivalently viewed as an
HPPP of intensity λ˜g , as shown in Theorem 1 of our previous
work in [21], [22]. The results in Lemma 1 will be employed
to exploit the statistical properties of the signal-to-interference
plus noise ratio (SINR) of the users in the downlink.
B. Small-Scale Fading Channel Model with MISO Beamform-
ing
In the previous subsection, the path-loss model between a
BS and a user is specified, yet we would like to specify how
to model the small-scale multiple-input-single-output (MISO)
fading channel gain from a BS to a user in this subsection. For
the tractability of analysis, we assume that all the users are
equipped with a single antenna, while all the ground BSs and
UAVs are equipped with Ng and Nu antennas, respectively.
Hence, each downlink channel is a MISO channel and the
fading channel gain of a channel from BS Xi to the typical
user can be modeled by
Gi =G
∗
g1(Xi = X
∗
g ) +Gg,i1(Xi = Xg,i ∈ {Φg \X∗g})
+ δmG
∗
u1(Xi = U
∗)
+Gu,i1(Xi = Uu,i ∈ {Φu \ U∗}), (13)
where G∗g ∼ Gamma(Ng, Ng) denotes the beamforming
fading channel gain3 from X∗g and it is a Gamma RV with
2More precisely, all the UAVs hovering at the same height in the sky form
a three-dimensional (3D) non-homogeneous PPP with a location-dependent
intensity λuρ(ho/
√
r). As such, their ground projection points are a non-
homogeneous PPP with the same intensity as well.
3Please note that the penetration loss of the NLoS channels of the ground
BSs is already modeled in their path-loss model so that their fading gain does
not need to consider the LoS effect.
5shape and rate parameters Ng , G∗u ∼ Gamma(Nu, Nu) is the
beamforming fading channel gain4 from U∗, Gg,i ∼ exp(1)
is the fading gain from Xg,i which is an exponential RV
with unit mean, Gu,i = G˜u,i[δm1(|ϑi| ≤ ϑ0, |φ| ≤ φ0) +
δs1(|ϑi| > ϑ0, |φi| ≥ φ0)] denotes the transmit antenna
array gain of Ui in which ϑ0 and φ0 are the azimuth and
the inclination of the main lobe, respectively; ϑi and φi are
the boresight azimuth and the inclination of Ui, respectively
(see Fig. 1); G˜u,i ∼ exp(1), δm and δs are the main lobe
gain and side lobe gain of the antenna array of UAVs,
respectively. Note that P[Gu,i = δmG˜u,i] = ϑ02pi × φ0pi and
P[Gu,i = δsG˜u,i] = 1 − ϑ02pi × φ0pi since we assume ϑi
is uniformly distributed over [−pi, pi] and φi is uniformly
distributed over [−pi/2, pi/2]. In the following subsection, we
will apply the previously proposed path-loss model and the
small-scale fading channel model to model two incomplete
shot signal processes generated by the UAVs and ground BSs
and investigate their statistical properties.
C. The Incomplete Shot Signal Process
Without loss of generality, we assume that Ui ∈ Φu is the
UAV that provides the typical user with the ith smallest path-
loss among all the UAVs in Φu. For the typical user, its 3D
Kth-incomplete shot signal process generated by the UAVs in
the network is defined as
Iu,K ,
∑
i:UK+i∈Φu
PuGu,K+i
ξ(‖UK+i‖) , (14)
where Pu denotes the transmit power of a UAV. Note that
Iu,K does not contain the signal powers generated by the
K UAVs in Φu that generate the first K smallest path-loss
signals received by the typical user so that it is called the
Kth-incomplete shot signal process. Similarly, the path loss
from Xg,i to the typical user is assumed to be the ith smallest
one among all the path losses from all the ground BSs in Φg .
We then define the 2D Kth-incomplete shot signal process of
the typical user as follows:
Ig,K ,
∑
i:Xg,K+i∈Φg
PgGg,K+i
ξ(‖Xg,K+i‖)
d
=
∑
i:X˜g,K+i∈Φ˜g
PgGg,K+i
‖X˜g,K+i‖αg
, (15)
where Pg is the transmit power of the ground BSs and
d
=
stands for the equivalence in distribution. Likewise, Ig,K does
not include the first K smallest path-loss signals among all
path-loss signals generated by all the ground BSs. Note that
we do not consider the void cell phenomenon in (14) and (15)
because the user intensity is assumed to be so large that all
the UAVs in the network are associated with at least one user
with high probability [21], [24].
4According to [23], we know that the fading gain vector of a mmWave
multiple-input-multiple-output (MISO) channel can be properly represented
by a clustered channel model consisting of small-scale fading and angle-of-
departure (AoD)-based transmit array gain vectors. Here we thus assume that
all UAVs have a uniform linear array and are able to perfectly align their
beam with the angle-of-departure (AoD) of their array in order to maximize
their antenna array gain from them to their serving users.
Studying the statistical properties of Iu,K and Ig,K is crucial
because it helps us understand how the aggregated signal
powers from the UAVs and the ground BSs are affected by
the network parameters (such as LoS/NLoS channel modeling
parameters, BS intensities, etc.). In particular, we are interested
in the Laplace transforms of Iu,K and Iu,K in that they will
facilitate our following analyses. The Laplace transform of a
non-negative RV Z is defined as LZ(s) , E[exp(−sZ)] for
s > 0, and thereby the Laplace transforms of Iu,K and Ig,K
are found as shown in the following proposition.
Proposition 1. Suppose all the signal powers from mmWave
UAVs with an NLoS channel are so small that they can be
completely ignored at the users. According to Iu,K defined in
(14) and Ig,K defined in (15), the Laplace transform of Iu,K
conditioned on RV Yu,K can be found as
LIu,K |Yu,K (s) = exp
{
−piλuIu
(
sδmPu
ψu,L
, Yu,K
)}
, (16)
where the probability density function (PDF) of Yu,K is given
by
fu,K(z) =
(piλu)
K [ζ(z)]K−1
(K − 1)!
[
dζ(z)
dz
]
e−piλuζ(z) (17)
in which ζ(z) ,
∫ z
0
ρ(ho/r
ν+1
2 )dr and Iu(x, y) for x, y ∈ R+
is defined as
Iu(x, y) ,
∫ ∞
y
xρ
(
hor
−(ν+1)
2
)
δs
δm
x+ (r + h2or
−ν)
αu
2
[
δs
δm
+
ϑ0φ0(1− δsδm )
2pi2
× (r + h
2
or
−ν)
αu
2
[x+ (r + h2or
−ν)
αu
2 ]
]
dr. (18)
The Laplace transform of Ig,K for a given Yg,K ∼
Gamma(K,piλ˜g) can be derived as
LIg,K |Yg,K (s) = exp
−piλ˜gYg,KIg
 sPg
Y
αg
2
g,K
,
2
αg
 , (19)
where λ˜g is already defined in Lemma 1 and function Ig(x, y)
for x, y ∈ R+ is given by
Ig(x, y) =
∫ ∞
x−y
xy
1 + t
1
y
dt
= xy
(
1
sinc(y)
−
∫ x−y
0
dt
1 + t
1
y
)
, (20)
where sinc(x) , sin(pix)pix . Hence, LIu,K (s) = E[LIu,K |Yu,K (s)]
and LIg,K (s) = E[LIg,K |Yg,K (s)].
Proof: See Appendix B.
The objective of finding the above Laplace transforms of
Iu,K and Ig,K is that they can be generally employed in many
analytical situations. For example, if users associate with their
nearest LoS UAV and they can cancel the signals from the first
K − 1 nearest interfering LoS UAVs, we can use LIu,K (s) to
evaluate the statistical properties of the interference from other
interfering UAVs so as to clarify the fundamental interplays
between the height and intensity of the UAVs. Likewise, the
6formula of LIg,K (s) also helps us characterize the statistical
properties of the interference from the ground BSs when the
signals from the first K nearest ground BSs are removed
by cell association and/or interference cancellation. Although
the results in Proposition 1 are somewhat complex, they are
quiet general and able to reduce to a much simpler form for
some special cases. For example, consider the case of a fixed
elevation angle between the typical user and the UAVs (i.e.,
ν = −1) and s = ψu,L(Yu,K + h20Yu,K)
αu
2 /δmPu in (16),
δm  δs (i.e., the mmWave side-lobe interference is too small
to be considered), and (16) then reduces to
E
[
LIu,K
(
ψu,L(Yu,K + h
2
oYu,K)
αu
2
δmPu
)]
≈
(
1 +
ϑ0φ0
2pi2
∫ ∞
1
dz
1 + z
αu
2
)−K
, (21)
which has a closed-form result equal to (1+ ϑ0φ08pi )
−K if αu =
4. This result is not a function of λu, i.e., the Laplace transform
of Iu,K scaled by (Yu,K +h2oYu,K)
αu
2 does not depend on λu
any more. Similarly, if s = Y
αg
2
g,K/Pg , then LIg,K |Yg,K (s) is
largely simplified and E
[LIg,K (s)] can be found as a nearly
closed-form result given by
E
LIg,K
Y αg2g,K
Pg
 = [1 + Ig (1, 2
αg
)]−K
, (22)
and it does not depend on the intensity of the ground BSs as
well. In other words, the Laplace transform of Ig,K does not
change with λg if interference Ig,K is scaled by Y
αg/2
g,K . These
above observations regarding LIu,K (s) and LIg,K (s) will be
quite useful for the following analyses.
III. THE MULTI-CELL COVERAGE: LIMIT ANALYSIS AND
OPTIMIZATION
In the network, users are able to associate with one ground
BS that transmits control signals and one UAV that delivers
downlink payload data. Therefore, they have to be simultane-
ously covered by the two BSs associated with them in order to
successfully receive data from their serving UAV. Accordingly,
we first propose the SINR models of a user in the mmWave and
UHF spectra and use them to define the multi-cell coverage
(probability) of a user. Afterwards, we will analyze the multi-
cell coverage and study how to maximize it by optimally
deploying and positioning the UAVs. Finally, some numerical
results are provided to validate our analytical findings and
observations.
A. Analysis of the Multi-cell Coverage
According to the path-loss model in (5), the multi-cell
association scheme in (6), the fading channel gain model in
(13), and the Kth-incomplete shot signal process in (14), the
SINR of the typical user associating with UAV U∗ is defined
as
γu ,
PuδmG
∗
u
ξ(‖U∗‖)(Iu,1 + σ2u)
, (23)
where σ2u is the noise power in the mmWave band and Iu,1
that is the 3D 1st-incomplete shot signal process based on
(14) denotes the interference from all the interfering UAVs.
Similarly, the SINR of the typical user associating with ground
BS X∗g can be defined as
γg ,
PgG
∗
g
ξ(‖X∗g‖)Ig,1
, (24)
where Ig,1 is the 2D 1st-incomplete shot signal process
accounting for the interference from all the interfering ground
BSs. Note that there is no noise power term in (24) because
the network in the UHF band is usually interference-limited.
Using the SINRs defined in (23) and (24), we can define the
multi-cell coverage (probability) of a user as follows:
pcov , P [min{γu, γg} ≥ β] = P[γu ≥ β]P[γg ≥ β] (25)
in which β > 0 is the SINR threshold for successful decoding.
The probability P[γu ≥ β] , pu is called the UAV coverage,
whereas the probability P[γg ≥ β] , pg is called the ground
coverage. The equality in (25) holds due to the independence
between γu and γg . This multi-cell coverage reflects how
likely a user is able to successfully receive signals from its
associated UAV and ground BS at the same time. Such a multi-
cell coverage definition stems from the fact that the UAVs
can successfully deliver their data to the users in the network
only when the users can be simultaneously “covered” by their
associated UAV as well as ground BS.
The multi-cell coverage of a user is derived as shown in the
following proposition.
Proposition 2. If all the signals from the NLoS UAVs are
too small to affect the SINR model in (23) and the multi-cell
association scheme in (6) is adopted, the multi-cell coverage
defined in (25) can be expressed as pcov = pu pg in which the
UAV coverage pu can be explicitly found as
pu =
dNu−1
dτNu−1
[
τNu−1
(Nu − 1)!
∫ ∞
0
exp
{
− ψu,Lσ
2
uNu
τPuδm
×
(
z +
h2o
zν
)αu
2
− piλuIu
(
Nu
τ
(
z +
h2o
zν
)αu
2
, z
)}
× fu,1(z)dz
]∣∣∣∣
τ= 1β
(26)
in which fu,1(z) is defined in (17) for K = 1 and Iu(·, ·)
is defined in (18), and the ground coverage pg is explicitly
derived as
pg =
1
(Ng − 1)!
dNg−1
dτNg−1
 τNg−11 + Ig (Ngτ , 2αg )

∣∣∣∣
τ= 1β
, (27)
where Ig(·, ·) is defined in (20) and it does not depend on λg .
Proof: See Appendix C.
From Proposition 2, we are able to learn a few important
implications which are summarized as follows. First of all,
since we devise a new technique to derive the coverage for
multiple-input-single-output (MISO) channels as shown in
Appendix C, the two coverage expressions in (26) and (27)
7are much neater and more general than the existing results
of MISO coverage probabilities in the literature (for example,
see the coverage results of a mmWave network in [22], [25]).
As such, they easily reduce to the results in some special
cases. For the single transmit antenna and interference-limited
network case, for example, pu in (26) significantly reduces to
pu =
∫ ∞
0
exp
{
−piλuIu
(
β
(
z +
h20
zν
)αu
2
, z
)}
fu,1(z)dz,
(28)
while pg in (27) neatly simplifies to
pg =
1
1 + Ig
(
β, 2αg
) . (29)
Moreover, pu in (26) can readily reduce to the coverage for
the noise-limited case by setting ϑ0 or φ0 as zero, and it can
also be applied to evaluate the coverage for the case of ground
mmWave BSs by setting ho equal to zero. Second of all, if
all the UAVs and ground BSs are equipped with a massive
antenna array and the network is interference-limited, we can
further show that pu and pg in this case can be characterized
by the following two expressions:
p∞u , lim
Nu→∞
pu
=
∫ β−1
0
L−1
{∫ ∞
0
exp
[
−piλuIu
(
s
(
z +
h2o
zν
)αu
2
, z
)]
× fu,1(z)dz
}
(τ) dτ (30)
and
p∞g , lim
Ng→∞
pg
=
∫ β−1
0
L−1
{(
1 +
∫ ∞
1
s
s+ x
αg
2
dx
)−1}
(τ) dτ,
(31)
where L−1{f(s)}(τ) represents the inverse Laplace transform
of function f(s). To the best of our knowledge, p∞u in (30) and
p∞g in (31) are the most explicit coverage expressions firstly
found in this paper for mmWave UAV networks with massive
MISO beamforming. They can be effectively evaluated by the
numerical techniques of the inverse Laplace transform even
though they are not in closed-form. Hence, we conclude that
the upper limit of the multi-cell coverage with massive MISO
beamforming is given by
p∞cov , lim
Nu,Ng→∞
pupg = p
∞
u p
∞
g , (32)
which can be analytically evaluated by using (30) and (31).
Third of all, since pg does not depend on the intensity of the
ground BSs, the multi-cell coverage pcov is only influenced
by the intensity and position of the UAVs that largely affect
pu. In the following subsection, we will further look into how
the intensity and position of the UAVs impact pu and discuss
how to optimize them in order to maximize pcov .
B. Optimal Deployment and Position Control of UAVs for
Maximizing Multi-cell Coverage
In this subsection, our focus is on how to maximize the
multi-cell coverage by optimally deploying the ground BSs
and UAVs as well as controlling the hovering positions of the
UAVs. According to Proposition 2, we are able to see how the
height distribution models of the UAVs with different values
of ho and ν in (4) impact the coverage performance of the
UAVs. Here we are particularly interested in two height control
models of the UAVs, i.e., (constant) height control model and
(constant) elevation angle control model. They are elaborated
as follows.
1) Height Control Model: For this model, all the UAVs are
controlled to hover at the same height of ho, i.e., letting ν = 0
in (26). Such a height control model has an advantage, that is,
it intrinsically suppresses the interference received by a user
because the channels from the UAVs farther to the user not
only undergo more path loss but also become NLoS with a
higher probability due to the smaller elevation angles from the
user to the farther UAVs. Another advantage of this model is
to make the analysis of the UAV coverage much more tractable
so that we are able to analytically understand how the height
of the UAVs influences the UAV coverage performance. To
further demonstrate this point, consider pu in (26) for ν = 0
and the interference-limited network case, and we thus get
pu =
dNu−1
dτNu−1
{
τNu−1
(Nu − 1)!
∫ ∞
0
fu,1(z) exp
[
− piλu
× Iu
(
Nu
τ
(
z + h2o
)αu
2 , z
)]
dz
}∣∣∣∣
τ= 1β
, (33)
which essentially indicates that Iu (·, ·) dominates pu and it
is dominated by ho. Since the ground coverage pg is not
dependable upon λg , λu and ho, we need to maximize the
UAV coverage pu by optimizing λu and ho so as to maximize
the multi-cell coverage pcov . To maximize the UAV coverage,
we formulate the following optimization problem:
max
λu,ho
pu s.t. λu > 0, ho > 0, (34)
where pu is given in (26). This optimization problem enjoys
the following property.
Proposition 3. If all the UAVs are controlled to hover at the
same height, there exists a unique optimal intensity of λ?u that
maximizes the UAV coverage in (26). Likewise, there exists an
optimal height of h?o that maximizes the UAV coverage for a
given UAV intensity.
Proof: See Appendix D.
Proposition 3 reveals an important fact, that is, the multi-cell
coverage can be maximized by either optimizing λu for a given
ho or optimizing ho for a given λu. In addition, Proposition 3
is valid for any number of transmit antennas equipped at the
UAVs so that the upper limit of the multi-cell coverage with
massive MISO beamforming in (32) also can be maximized
by optimizing λu and ho. Likewise, we can formulate the
following optimization problem
max
λu,ho
p∞cov, s.t. λu > 0, ho > 0. (35)
8Solving the above optimization problem and then evaluating
p∞cov at the optimal solution pair of λ
?
u and h
?
o give rise to the
fundamental maximal limit of the multi-cell coverage for the
height control model.
2) Elevation Angle Control Model: For this model, all the
UAVs are controlled to maintain the same elevation angle from
the typical user to them, i.e., setting ν = −1 in (26) makes all
the elevation angles from the typical user to all the UAVs equal
to tan−1(ho). Although such an elevation angle control model
may not increase the NLoS probability of the channels from
all the interfering UAVs to the typical user, it may make the
channels of all the interfering UAVs undergo more path loss if
compared with the constant height model, especially when the
network is in an environment with a large path-loss exponent.
By considering the interference-limited case and using (26)
with ν = −1, the UAV coverage for this elevation angle
control model is readily obtained as
pu =
dNu−1
dτNu−1
[
τNu−1/(Nu − 1)!
Iu(
Nu
τ (1 + h
2
o)
αu
2 , 1)/ρ(ho) + 1
] ∣∣∣∣
τ= 1β
,
(36)
which does not depend on the UAV intensity. This result
manifests that deploying many UAVs does not ameliorate the
UAV coverage once all elevation angles from a user to all the
UAVs remain the same. Consequently, the UAVs can only rely
on their massive antenna array to further ameliorate pu, that
is, as Nu goes to infinity, pu in (36) will converge up to
p∞u = lim
Nu→∞
pu
=
∫ β−1
0
L−1
{[
Iu(s(1 + h
2
o)
αu
2 , 1)
ρ(ho)
+ 1
]−1}
(τ) dτ,
(37)
which is obtained by using (30) with ν = −1. Furthermore,
since we can show that Iu(Nuτ (1 + h
2
o)
αu
2 , 1)/ρ(ho) does not
depend on ho any more, we know that pu in (36) and pu in
(37) cannot be maximized by optimizing λu and ho. In light
of this, it is concluded that pu for the elevation angle control
model cannot be maximized by optimizing the UAV intensity
and the evaluation angle and it only can be enhanced through
massive MISO beamforming so that its fundamental maximal
limit is p∞u in (37). Moreover, it is worth pointing out that the
height control model may not always outperform the elevation
angle control model from the coverage perspective since pu in
(33) may be smaller than pu in (36) for some values of λu and
ho. In the following subsection, we will use some numerical
results to verify these aforementioned analytical findings.
C. Numerical Results
In this subsection, some numerical results are provided
to validate our previous analytical results of the multi-cell
coverage pcov , UAV coverage pu and ground coverage pg .
The network parameters for simulation are listed in Table I.
To clearly and simply validate our previous analytical results
and observations, we consider the mmWave UAV network is
so densely deployed that it is interference-limited. We first
present the simulation results of the coverage for the height
control model in Fig. 2. As shown in Fig. 2(a), we can see how
the three different coverage probabilities vary with the height
ho of the UAVs. All the simulated coverage results perfectly
coincide with their corresponding analytical results in Fig.
2(a), which validates the correctness of our previous analyses.
The ground coverage, as expected, remains a constant about
0.651, whereas the UAV coverage significantly changes with
height ho and finally reaches a maximum around 0.95 at
ho = 40 m. Hence, there indeed exists an optimal height that
maximizes the UAV coverage, as claimed in Proposition 3, and
this phenomenon can also be further observed in Fig. 2(b).
From Fig. 2(b), we see how the UAV coverage varies with
λu/λg and the height ho and how it maximizes at different
optimal pairs of λu/λg and ho. Since pu in general is not a
convex function of λu and ho as shown in Fig. 2(b), there does
not exist a unique global pair of λ?u and h
?
o that minimizes pu,
which supports the statement in Proposition 3.
The simulation results of the coverage probabilities for the
elevation angle control model are demonstrated in Fig. 3. The
results of the coverage probabilities pu, pg and pcov versus
elevation angle tan−1(ho) are shown in Fig. 3(a) and all the
analytical results perfectly coincide with their corresponding
simulated results. Fig. 3(a) also shows that all the coverage
probabilities do not depend the elevation angle tan−1(ho),
which supports our previous discussion. As a matter of fact,
all the coverage probabilities are not dependable upon intensity
λu either. This is demonstrated in 3(b), which plots the
UAV coverage pu as a 2D horizontal plane located at the
height of 0.865. As the figure shows, changing the elevation
angle and deploying the UAVs in the sky do not benefit
the coverage performance of the users in the network using
the elevation angle control model. Hence, if the height of
the UAVs is optimally controlled, the height control model
certainly outperforms the elevation control model in terms of
the UAV coverage, as shown in Fig. 2 and Fig. 3. Fig. 4 shows
how the number of the transmit antennas of the UAVs and
ground BSs impact the coverage probabilities. As shown in
the figure, as the numbers of the transmit antennas Nu and Ng
increase, the UAV coverage and ground coverage increase and
eventually converge up to 0.975 and 0.66, respectively. These
two maximum coverage values validate the correctness of the
upper limits of the UAV coverage in (30) and ground coverage
in (31) since they are exactly the same as the coverage values
evaluated by (30) and (31).
IV. THE VOLUME SPECTRAL EFFICIENCY: LIMIT
ANALYSIS AND OPTIMIZATION
In the previous section, we have learned that jointly opti-
mizing the UAV intensity and position is able to maximize the
multi-cell coverage. This inspires us to further investigate how
the throughput of the UAV mmWave network is affected by the
intensity and position of the UAVs. Specifically, we propose
the volume spectral efficiency to characterize the network
throughput of the UAV mmWave network per unit volume and
bandwidth. The volume spectral efficiency will be analyzed
and its explicit expression will be derived. We then will study
how to maximize the volume spectral efficiency by optimizing
the intensity and position of the UAVs.
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NETWORK PARAMETERS FOR SIMULATION [2], [23]
Parameter \ BS Type UHF Ground BS mmWave UAV (28 GHz)
Transmit Power (W) Pg , Pu 20 1
Intensity (BSs/m2) λg , λu 1× 10−6 6× 10−5 (or see figures)
Number of Antennas Ng , Nu 16 4
Intercept Coefficients (dB) (ψg|u,L, ψg|u,N ) (37.2, 38.7) (61.4, 100)
Azimuth of the Main Lobe ϑ0 (not applicable) 2pi3
Inclination of the Main Lobe φ0 (not applicable) 13pi
Gain of the Main Lobe δm (not applicable) 1
Gain of the Side Lobe δs (not applicable) 0.1
Maximum Height hmax (m) in (40) (not applicable) 200
Path-loss Exponent αg , αu 4 3
Parameters (c1, c2) in (3) (0.16, 9.61)
SINR Threshold β 1
Fig. 2. Simulation results of coverage probabilities pu, pg and pcov for the height control model: (a) Coverage versus Height ho of the UAVs for λu/λg = 60,
(b) UAV Coverage versus λu/λg and Height ho of the UAVs.
A. Analysis of Volume Spectral Efficiency
Recall that the ground BSs and UAVs are in charge of the
control and data planes of the network, respectively. Thus,
whether the UAVs are able to effectively deliver data to
the users highly depends on whether the users are able to
successfully receive the control signals sent by the ground
BSs. As a result of this plane-split architecture, the throughput
of this mmWave UAV network needs to consider the ground
coverage impact. The link rate from UAV U∗ to the typical
user can be characterized by the SINR in (23) and it is defined
as
Cu , log (1 + γu)1(γg ≥ β), (nats/sec/Hz), (38)
which indicates that Cu is non-zero if and only if the users
are covered by the ground BSs. It can be used to define the
volume spectral efficiency (nats/sec/Hz/m3) of the mmWave
UAV network as follows:
Vu ,
λu
hmax
E [Cu] =
λu
hmax
E [log(1 + γu)1(γg ≥ β)]
=
λupg
hmax
E [log (1 + γu)] , (39)
where hmax is the maximum height to which each UAV is
able to fly up. Obviously, Vu has the physical meaning of the
throughput per unit bandwidth and volume of the network if
we interpret λu/hmax as the number of the UAVs in a unit
volume of the network (i.e., the 3D intensity of the UAVs).
An explicit result of Vu is shown in the following Proposition.
Proposition 4. If the interferences from all the NLoS mmWave
channels are so small that they can be ignored in γu, then the
volume spectral density of the UAV mmWave network is found
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Fig. 3. Simulation results of coverage probabilities pu, pg and pcov for the elevation angle control model: (a) Coverage versus Elevation Angle tan−1(ho)
for λu/λg = 60, (b) UAV Coverage versus λu/λg and Elevation Angle tan−1(ho).
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Fig. 4. Simulation results of the coverage probabilities pu, pg and pcov
versus the number of transmit antennas Nu and Ng for λu/λg = 60 and
the height control model with ho = 40 m.
as
Vu =
λupg
hmax
∫ ∞
0+
1
s
[
1−
(
Nu
Nu + s
)Nu]∫ ∞
0
fu,1(z)
× exp
{
− piλuIu
(
s
(
z +
h2o
zν
)αu
2
, z
)
− sψu,Lσ
2
u
Puδm
×
(
z +
h20
zν
)αu
2
}
dz ds. (40)
If all the UAVs and ground BSs have a massive antenna array
(i.e., Nu → ∞ and Ng → ∞), Vu in (40) will increase and
converge up to
V∞u , lim
Nu,Ng→∞
Vu
=
λup
∞
g
hmax
∫ ∞
0+
(
1− e−s
s
)∫ ∞
0
fu,1(z) exp
{
− piλu
× Iu
(
s
(
z +
h2o
zν
)αu
2
, z
)
− sψu,Lσ
2
u
Puδm
×
(
z +
h20
zν
)αu
2
}
dz ds. (41)
Proof: See Appendix E.
The expressions of the volume spectral efficiency in (40)
and (41) are derived by using the integral identity of Shannon
transform in our previous work [26] and they are thus much
less complex and more explicit than other expressions in
the literature. More importantly, they characterize how the
number of the transmit antennas influences the volume spectral
efficiency. In addition, Proposition 4 reveals a couple of
interesting and crucial facts. We first realize that Vu does not
depend on the intensity of the ground BSs since pg is not
a function of the intensity of the ground BSs as shown in
Proposition 2. The ground BSs are only able to improve Vu
by using a massive antenna array which makes pg increase
and eventually converge to (31). The UAVs can improve Vu
by using a massive antenna array as well so that Vu eventually
converges up to V∞u in (41) that is the upper limit of the
volume spectral efficiency with massive MISO beamforming
being employed at all BSs in the network. We then inspect Vu
in (40) and perceive that Vu can be also improved through
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appropriately controlling the intensity and positions of the
UAVs, which will be discussed in more detail in the following
subsection.
B. Optimal Deployment and Position Control of UAVs for
Maximizing Volume Spectral Efficiency
In this subsection, we focus on the study of maximizing
the volume spectral efficiency in (40) by optimizing the UAV
intensity λu and the parameter ho in the height distribution
model. In particular, we also consider two position control
models of the UAVs, i.e., the height control and elevation con-
trol models, as specified in Section III-B. For the interference-
limited network with the height control model, Vu in (40) for
ν = 0 reduces to
Vu =
λupg
hmax
∫ ∞
0+
∫ ∞
0
1
s
[
1−
(
Nu
Nu + s
)Nu]
× e−piλuIu
(
s(z+h2o)
αu
2 ,z
)
fu,1(z)dz ds, (42)
which is dominated by λu and Iu(s
(
z + h2o
)αu
2 , z), and
thereby Vu can be maximized by optimizing either λu for
a given ho or ho for a given λu according to Proposition 2.
A similar conclusion can be drawn for V∞u in (41) as well
and thus maximizing V∞u in (41) over λu and ho yields the
fundamental maximal limit of Vu for the height control model.
For the elevation angle control model, Vu in (40) for ν = −1
significantly simplifies to
Vu =
λupg
hmax
∫ ∞
0+
1−
(
Nu
Nu+s
)Nu
s
[
Iu
(
s (1 + h2o)
αu
2 , 1
)
/ρ(ho) + 1
]ds,
(43)
which is a linear function of λu and not affected by ho since
Iu(s
(
1 + h2o
)αu
2 , 1)/ρ(ho), as discussed in Section III-B, is
no longer dependable upon ho. On account of this, Vu in
(43) can be ameliorated by increasing Nu and λu, whereas
increasing λu is a much more efficient means to boost Vu. This
observation importantly reveals that the volume spectrum effi-
ciency for the elevation height control model can be increas-
ingly improved without a hard limit by continuously deploying
UAVs in the sky and its fundamental maximal limit is infinity.
Accordingly, the elevation angle control model outperforms
the height control model from the throughput perspective. We
will use some numerical results in the following subsection to
validate these crucial observations.
C. Numerical Results
In this subsection, we would like to demonstrate some
numerical results so as to validate our previous analyses
pertaining to the volume spectral efficiency Vu. The network
parameters used in this subsection are the same as those in
Table I and the network is also considered to be densely
deployed and thus interference-limited. The simulation results
of the volume spectral efficiency for the height control model
are shown in Fig. 5. As can be seen in Fig. 5(a), we first
notice that the simulated results perfectly coincide with their
analytical results that are obtained by (42) and thereby the
expression in (42) is correct. We also observe that there exists
an optimal height around 20 m that maximizes Vu, and Vu at
the optimal height of 20 m considerably grows by 73% if it
is compared with Vu at the height of zero. Fig. 5(b) shows a
3D plot that depicts how Vu varies with the elevation angle
tan−1(h0) and intensity ratio λu/λg . It essentially verifies our
previous conclusion that Vu can be maximized by optimizing
over either height h0 for a given intensity ratio λu/λg or
intensity ratio λu/λg for a given height ho. In Fig. 6, we can
see the simulation results of the volume spectral efficiency
for the elevation angle control model. In particular, Fig. 6(a)
presents the numerical results of Vu versus tan−1(ho) and
its simulated results and analytical results obtained by (43)
are also very close to each other as well, which validates the
correctness of the expression in (43). In addition, we observe
Fig. 6(b) and realize that Vu does not depend on λu/λg and
it linearly increases as λu/λg increases, as expected. Hence,
the elevation angle control model makes Vu increase without
a hard limit by deploying more and more UAVs, as discussed
before.
V. CONCLUSIONS
In this paper, we aim at the fundamental performance anal-
yses of the multi-cell coverage and volume spectral efficiency
of a mmWave UAV network with a plane-split architecture
in which users need to associate a ground BS and a UAV to
successfully receive data delivered by their associated UAV.
We assume the ground BSs form an HPPP and propose a
3D random distribution model of the UAVs that consists of a
planar HPPP that describes the ground projection points of the
UAVs and a general random height model of the UAVs. Such a
3D distribution model of the UAVs is analytically tractable and
first proposed in this paper. The explicit and low-complexity
expressions of the multi-cell coverage and volume spectral
efficiency are derived by considering the high-penetration-
loss characteristic of mmWave channels and their upper limits
for the case of massive antenna array beamforming are also
characterized. We further show that the multi-cell coverage
and volume spectral efficiency can be maximized by means
of optimizing the intensity and/or the positions of the UAVs
and their fundamental maximal limits can also be accordingly
found for massive antenna array.
APPENDIX
PROOFS OF LEMMAS AND PROPOSITIONS
A. Proof of Lemma 1
Since ξ(‖U∗‖) = mini:Ui∈Φu Ψu,i‖Ui‖αu and all Ψu,i’s are
independent, P[ξ(‖Ui‖) ≥ x] can be written as
P[ξ(‖Ui‖) ≥ x] = P
[
min
i:Ui∈Φu
Ψu,i‖Ui‖αu ≥ x
]
= E
{ ∏
i:Ui∈Φu
P
[
(‖Xu,i‖2 +H2i ) ≥
(
x
Ψu,i
) 2
αu
]}
(a)
= exp
(
−piλu
∫ ∞
0
P
[
r + h2or
−ν ≤
(
x
Ψu,r
) 2
αu
]
dr
)
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Fig. 5. Simulation results of the volume spectral efficiency for the height control model. (a) Vu versus height ho for λu/λg = 60, (b) Vu versus Height ho
(m) and λu/λg .
Fig. 6. Simulation results of the volume spectral efficiency for the elevation angle control model. (a) Vu versus Elevation Angle tan−1(ho) for λu/λg = 60,
(b) Vu versus Elevation Angle tan−1(ho) (Degrees) and λu/λg .
(b)
= exp
(
− piλu
∫ ∞
0
ρ
(
hor
−(ν+1)
2
)
× P
[
r + h2or
−ν ≤
(
x
ψu,L
) 2
αu
]
dr
)
(c)
= exp
(
−piλu
∫
R(x)
ρ
(
hor
−(ν+1)
2
)
dr
)
where (a) is obtained by applying the probability generation
functional (PGFL) of an HPPP to set {Xu,i} that is an HPPP
with intensity λu and Hi = ho‖Xu,i‖−ν , (b) follows from the
assumption that the penetration loss of the mmWave channels
is infinitely large (i.e., ψu,N =∞), and (c) is due to R(x) =
{r ∈ R+ : x ≥ ψu,L(r+ h2or−ν)
αu
2 }. Hence, the result in (7)
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is acquired. Next, we find the CCDF of ξ(‖X∗g‖) as follows:
P[ξ(‖X∗g‖) ≥ x] = P
[
min
Xg,i∈Φg
ξ(‖Xg,i‖) ≥ x
]
=E
 ∏
g,i:Xg,i∈Φg
P [Ψg,i‖Xg,i‖αg ≥ x]

(d)
= exp
(
−piλg
∫ ∞
0
P
[
Ψg,r ≤ xr−
αg
2
]
dr
)
(e)
= exp
(
− piλg
∫ ∞
0
(
ρ0P
[
r ≤
(
x
ψg,L
) 2
αg
]
+ (1− ρ0)P
[
r ≤
(
x
ψg,N
) 2
αg
])
dr
)
, (A.1)
where (d) follows from the PGFL of the HPPP Φg and (e) is
obtained by using the assumption that the heights of all the
grounds BSs are ignored. Finally, carrying out the integral in
(A.1) yields the result in (8).
B. Proof of Proposition 1
According to Lemma 1, we learn that the LoS UAVs
are actually a non-homogeneous PPP with location-dependent
intensity λuρ(ho/r
ν+1
2 ) and we here assume Xu,K is the
Kth nearest ground projection point to the typical user
among all the projection points of the LoS UAVs. Ac-
cording to Lemma 1 and (9), we are able to learn that
‖Xu,K‖2 d= Yu,K has the Gamma-RV-based distribution as
shown in (17) [19], [27]. Since we know that ξ(‖Ui‖) =
Ψu,i‖Ui‖αu = Ψ
2
αu
u,i (‖Xu,i‖2 + h2o‖Xu,i‖−2ν), the Laplace
transform of Iu,K defined in (14) for a given Yu,K , i.e.,
LIu,K |Yu,K (s) , E[exp(−sIu,K)|Yu,K ], can be rewritten as
the expression in (A.2) where (a) is obtained by considering
‖Xu,K+i‖2 d= Yu,K + ‖Xu,i‖2 and the independence between
Yu,K and ‖Xu,i‖2 and (b) follows from the result of first
applying the probability generating functional (PGFL) of an
HPPP to the projection points of Φu and considering all the
NLoS mmWave channels are assumed not to contribute any
power to Iu,K (i.e., ψu,N =∞ for all UAVs). Furthermore, we
know P[Gu = G˜δm] = ϑ0φ02pi2 and P[Gu = G˜δs] = 1 − ϑ0φ02pi2 ,
and we then have the following result:
EGu
[
exp
(
− sPuGu/ψu,L
(r + h2or
−ν)
αu
2
)]
=
(
ϑ0φ0
2pi2
)
× E
[
exp
(
− sPuG˜δm
ψu,L(r + h2or
−ν)
αu
2
)]
+
(
1− ϑ0φ0
2pi2
)
× E
[
exp
(
− sPuG˜δs
ψu,L(r + h2or
−ν)
αu
2
)]
=
(
b
αu
2
δs
δm
+ b
αu
2
)
−
(
ϑ0φ0
2pi2
)(
b
αu
2 (1− δs/δm)
(1 + b
αu
2 )(δs/δm + b
αu
2 )
)
,
where b = ( ψu,LsPuδm )
2
αu (r+h2or
−ν). Substituting this result into
(A.2) and then performing variable changes in (A.2) yield the
result in (16).
Next, we derive the Laplace transform of Ig,K in (15). First,
we rewrite LIg,K (s) for a given Yg,K as follows:
LIg,K |Yg,K (s)
= E
exp
−s ∑
i:X˜g,K+i∈Φ˜g
PgGg,K+i
‖X˜g,K+i‖αg

= E
 ∏
i:X˜g,i∈Φ˜g
exp
(
−sPgGg,i
(Yg,K + ‖X˜g,i‖2)
αg
2
) (c)=
exp
{
−piλ˜g
∫ ∞
0
(
1− E
[
exp
(
− sPgGg
(Yg,K + r)
αg
2
)])
dr
}
,
(A.3)
where (c) follows from the PGFL of HPPP Φ˜g , λ˜g is the
intensity of Φ˜g5, Yg,K ∼ Gamma(K,piλ˜g), and Gg ∼ exp(1).
Moreover, letting W ∼ exp(1) yields
1− E
[
exp
(
− sPgGg
(Yg,K + r)
αg
2
)]
= P
[
W ≤ sPgGg
(Yg,K + r)
αg
2
]
= P
[
x ≤
(
sPgGg
W
) 2
αg
]
5According to Φ˜g defined in (15), we thus know its intensity is equal to
λ˜g = λgE[Ψ
2/αg
g ] = λg [ρ0ψ
2/αg
g,L + (1 − ρ0)ψ
2/αg
g,N ] based on the result
of Theorem 1 in [21] and P[Ψg = ψg,L] = ρ0 as well as P[Ψg = ψg,N ] =
1− ρ0.
LIu,K |Yu,K (s) = E
exp
−s ∑
i:Xu,i∈Φu\{Xu,i}Ki=1
PuGu,i+K
Ψu,i+K (‖Xu,i+K‖2 + h2o‖Xu,i+K‖−2ν)
αu
2
∣∣∣∣Yu,K

(a)
= EΦu
 ∏
i:Xu,i∈Φu
E
{
exp
(
−s PuGu,i
Ψu,i (Yu,K + ‖Xu,i‖2 + h2o(Yu,K + ‖Xu,i‖2)−ν)
αu
2
)}∣∣∣∣Yu,K

(b)
= exp
(
−piλu
∫ ∞
Yu,K
ρ
(
ho
r
(ν+1)
2
)(
1− EGu
[
exp
(
− sPuGu
ψu,L(r + h2or
−ν)
αu
2
)])
dr
)
, (A.2)
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if x , Yg,K + r, which can be used to find the following
integral:∫ ∞
0
(
1− E
[
exp
(
− sPgGg
(Yg,K + r)
αg
2
)])
dr
=
∫ ∞
Yg,K
P
[
x ≤
(
sPgGg
W
) 2
αg
]
dx
=
∫ ∞
0
P
[
x ≤
(
sPgGg
W
) 2
αg
]
dx
−
∫ Yg,K
0
P
[
x ≤
(
sPgGg
W
) 2
αg
]
dx, (A.4)
where∫ ∞
0
P
[
x ≤
(
sPgGg
W
) 2
αg
]
dx =
(sPg)
2
αg
sinc(2/αg)
(A.5)
and we also know the following result:∫ Yg,K
0
P
[
x ≤
(
sPgGg
W
) 2
αg
]
dx
=
∫ Yg,K
0
P
[
W ≤ sPgGg
x
αg
2
]
dx =
∫ Yg,K
(sPg)
2
αg
0
(sPg)
2
αg
t
αg
2 + 1
dt.
(A.6)
Substituting (A.5) and (A.6) into (A.4) yields∫ ∞
Yg,K
P
[
x ≤
(
sPgGg
ΨgW
) 2
αg
]
dx =
Yg,KE
Ig
 sPg
Y
αg
2
g,K
,
2
αg
 ,
which is then substituted into (A.3), and the result in (20) is
obtained.
C. Proof of Proposition 2
First, we introduce the following identity that holds for a
non-negative RV Z:
P[Z ≥ z] = L−1
{
1
s
LZ−1(s)
}(
1
z
)
,
where L−1{·} denotes the operator of inverse Laplace trans-
form. Using this identity and the expression in (23) leads to
the following expression of pu = P[γu ≥ β]:
pu = P[γu ≥ β] = L−1
{
1
s
Lγ−1u (s)
}(
1
β
)
. (A.7)
The Laplace transform of γ−1u can be derived as shown in the
following:
Lγ−1u (s) =E
[
exp
(
−sξ(‖U
∗‖)
PuδmG∗u
(Iu,1 + σu)
)]
=E
[
LIu,1
(
sψu,L(‖X∗u‖2 + h2o‖X∗u‖−2ν)
αu
2
PuδmG∗u
)
× exp
(
−sψu,L(‖X
∗
u‖2 + h2o‖X∗u‖−2ν)
αu
2 σ2u
PuδmG∗u
)]
,
where ‖X∗u‖2 d= Yu,1 has the distribution in (17) with K = 1.
Next, using (16) in Proposition 1 for given ‖X∗u‖2 = y yields
the following result:
LIu,1|Yu,1
(
sψu,L(y + h
2
oy
−ν)
αu
2
PuδmG∗u
)
=
exp
{
−piλuIu
(
s(y + h2oy
−ν)
αu
2
G∗u
, y
)}
and thereby we have Lγ−1u (s) = E
[
exp
{
−I˜u( sG∗u , Yu,1)
}]
in which we define I˜u( sG∗u , Yu,1) = −piλuIu(s(Yu,1 +
h2oY
−ν
u,1 )
αu
2 /G∗u, Yu,1)−sψu,L(Yu,1 +h2oY −νu,1 )
αu
2 σ2u/PuδmG
∗
u
to simplify the expression. In addition, for any positive real-
valued function Ψ : R+ → R+ we know the following identity
E
{
1
s
exp
[
−Ψ
( s
Z
)]}
=
∫ ∞
0
1
s
exp
[
−Ψ
(s
z
)]
fZ(z)dz
=
∫ ∞
0
exp
[
−Ψ
(
1
t
)]
fZ(st)dt,
where fZ(·) is the PDF of Z. By using this identity, we are
able to get the following result:
1
s
Lγ−1u (s) = E
[
1
s
exp
{
−I˜u
(
s
G∗u
, Yu,1
)}]
=
NNuu
(Nu − 1)!
×
∫ ∞
0
EYu,1
[
exp
{
−I˜u
(
1
t
, Yu,1
)}]
(st)Nu−1e−Nustdt
=
∫ ∞
0
{
1
(Nu − 1)!
dNu−1
dτNu−1
EYu,1
[
exp
{
− I˜u
(
Nu
τ
, Yu,1
)}
τNu−1
]}
e−sτdτ = L
{
1
(Nu − 1)!
dNu−1
dτNu−1
EYu,1
[
exp
{
− τNu−1I˜u
(
Nu
τ
, Yu,1
)}]}
(s). (A.8)
Then taking the inverse Laplace transform of the both sides
of (A.8) results in
L−1
{
1
s
Lγ−1u (s)
}(
1
β
)
=
dNu−1
dτNu−1
E
{
τNu−1
(Nu − 1)! exp
[
− I˜u
(
Nu
τ
, Yu,1
)]}∣∣∣∣
τ= 1β
and this is exactly the result in (26) because the PDF of Yu,1
is (17) with K = 1.
By using the above derivation techniques, pg = P[γg ≥ β]
can first be written as
P[γg ≥ β] = L
{
1
s
Lγ−1g (s)
}(
1
β
)
,
where Lγ−1g (s) is
Lγ−1g (s) =E
[
exp
(
−sIg,1ξ(‖X
∗
g‖)
PgG∗g
)]
=E
[
LIg,1|‖X˜∗g‖
(
s‖X˜∗g‖αg
PgG∗g
)]
. (A.9)
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According to (20), we can have LIg,1|‖X˜∗g‖(·) given by
LIg,1|‖X˜∗g‖
(
−sξ(‖X˜
∗
g‖)
PgG∗g
)
=
∫ ∞
0
exp
{
−piλ˜g‖X˜∗g‖2Ig
(
s
y
,
2
αg
)}
fG(y)dy.
Then it follows that
1
s
Lγ−1g (s)
=
1
s
∫ ∞
0
E
{
exp
[
−piλ˜g‖X˜∗g‖2Ig
(
s
y
,
2
αg
)]}
fG(y)dy
=
1
(Ng − 1)!
∫ ∞
0
[
1 + Ig
(
Ng
τ
,
2
αg
)]−1
(sτ)Ng−1e−sτdτ
= L
{
dNg−1
dτNg−1
[
τNg−1
(Ng − 1)!
(
1 + Ig
(
Ng
τ
,
2
αg
))−1]}
(s).
(A.10)
Therefore, taking the inverse Laplace transform of (A.10)
results in (27).
D. Proof of Proposition 3
For the height control model, the UAV coverage is readily
found by letting ν = 0 in (26) and it is given by
pu =
dNu−1
dτNu−1
(
τNu−1
(Nu − 1)!
∫ ∞
0
piλuρ
(
ho√
z
)
exp
{
−piλuÎu(ho, z)− ax
}
dz
)∣∣∣∣
τ= 1β
,
where Îu(ho, z) ,
[∫ z
0
ρ
(
ho√
r
)
dr + Iu (x, z)
]
, x = Nuτ (z +
h2o)
αu
2 and a = ψu,Lσ
2
u
Puδm
. First, consider the case of a given ho.
In this case, we know λu exp[−piλuÎu(ho, z)] is a concave
function of λu. Therefore, there exists a unique optimal value
of λu, i.e., λ?u, that maximizes pu. Next, consider the case of
a given λu. Since ρ( ho√z ), Îu(ho, z) and x all monotonically
increase as ho increases and we also know the following two
asymptotic properties
lim
ho→0
ρ
(
ho√
z
)
exp
{
−piλuÎu(ho, z)− ax
}
= ρ0 exp
{
−piλuÎu(0, z)− aNu
τ
z
αu
2
}
<∞,
lim
ho→∞
ρ
(
ho√
z
)
exp
{
−piλuÎu(ho, z)− ax
}
= 0,
and it follows that pu is a continuous and bounded function
of ho. Also, ρ
(
ho√
z
)
exp{−piλuÎu(ho, z) − ax} is not a
monotonically decreasing function of h0. Letting h
†
0 be the
fixed point of the following function G of ho:
G(ho) =ρ
(
ho√
z
)
exp{−piλuÎu(ho, z)− ax}
− ρ0 exp
{
−piλuÎu(0, z)− aNu
τ
z
αu
2
}
.
Hence, h†o exists and [0, h
†
o] is thus a compact set. Therefore,
there exists an optimal height of h?o ∈ [0, h†o] that maximizes
pu according to the Weierstrass theorem [28].
E. Proof of Proposition 4
According to (23), the volume spectral efficiency defined in
(39) can be expressed as follows:
Vu =
λu
ho
pg E
[‖X∗u‖ν log (1 +G∗uγ˜u(‖X∗u‖2))]
=
λu
ho
pg
∫ ∞
0
y
ν
2E [log (1 +G∗uγ˜u(y))]piλue−piλuydy,
(A.11)
where γ˜u(y) , Puδm/ψu,L(y + h2oy−ν)
αu
2 (Iu,1 + σ
2
u). Then
using Theorem 1 in [26], we can have the following identity:
E [log (1 +G∗uγ˜u)] =
∫ ∞
0+
[1− LG∗u(s)]
s
Lγ˜−1u (s)ds.
From the proof of Proposition 2 in Appendix C, we can infer
that Lγ˜−1u (s) is given by
Lγ˜−1u (s) = exp
[
− piλuIu(s(y + h2oy−ν), y)
− sψu,L(y + h
2
0y
−ν)σ2u
Puδm
]
.
Next, since G∗u ∼ Gamma(Nu, Nu), we know [1−LG∗u(s)]/s
can be found as
[1− LG∗u(s)]
s
=
1
s
[
1−
(
Nu
Nu + s
)Nu]
.
Hence, we have
E [log (1 +G∗uγ˜u)] =
∫ ∞
0+
1
s
[
1−
(
Nu
Nu + s
)Nu]
× exp
{
− piλuIu(s(y + h2oy−ν), y)
− sψu,Lσ
2
u
Puδm
(
y + h20y
−ν)}ds. (A.12)
Then substituting (A.12) into (A.11) leads to the result in (40).
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